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Quantum spin liquids (QSL) are exotic phases of matter that host fractionalized excitations. It is difficult for
local probes to characterize QSL, whereas quantum entanglement can serve as a powerful diagnostic tool due to
its non-locality. The kagome antiferromagnetic Heisenberg model is one of the most studied and experimentally
relevant models for QSL, but its solution remains under debate. Here, we perform a numerical Aharonov-Bohm
experiment on this model and uncover universal features of the entanglement entropy. By means of the density-
matrix renormalization group, we reveal the entanglement signatures of emergent Dirac spinons, which are the
fractionalized excitations of the QSL. This scheme provides qualitative insights into the nature of kagome QSL,
and can be used to study other quantum states of matter. As a concrete example, we also benchmark our methods
on an interacting quantum critical point between a Dirac semimetal and a charge ordered phase.
Quantum spin liquids (QSLs) are highly entangled states of
matter with exotic excitations behaving as fractions of funda-
mental particles [1, 2]. In the vigorous search for candidate
materials, herberthsmithite ranks as one of the most promis-
ing ones [3]. Although it displays several signatures of a
QSL, consensus between experimental and theoretical stud-
ies is hindered not only by disorder, but also by the lack of
understanding for the minimal model [3]. A starting point
for a theoretical description of this correlated material is the
antiferromagnetic Heisenberg model on the kagome lattice,
which is built out of corner sharing triangles that frustrate the
anti-alignment of spins favored on each bond. Frustration ren-
ders this model difficult to solve [4–16], and debates between
different theoretical scenarios persist. For instance, in a nu-
merical study using the density-matrix renormalization group
(DMRG) [17], a gapped groundstate without magnetic order
was found [10]. More recent numerical studies [14–16] sug-
gest a gapless QSL. In this direction, evidence for a Dirac
QSL [5, 7] was obtained using DMRG simulations [16].
The fractional excitations of a QSL cannot be characterized
by local order parameters. Instead, entanglement may directly
reveal fractionalization by virtue of its non-local nature. For
example, the so-called topological entanglement entropy can
be used to detect gapped QSL (e.g. see the review [18]). Less
comprehensive but nevertheless interesting results for the en-
tanglement properties of gapless systems were obtained [19–
25]. For example, attempts have been made to understand the
entanglement response to a flux insertion [20, 26, 27]. How-
ever, our understanding of interacting systems remains lim-
ited, especially for realistic QSL models.
Here we investigate the quantum entanglement of the QSL
in the kagome antiferromagnetic Heisenberg model in re-
sponse to a magnetic flux. We perform large-scale DMRG
simulations (see Methods) on infinitely long cylinders through
which the flux is threaded, see Fig. 1(a). The main finding is
that the entanglement entropy (EE) is highly sensitive to the
flux and is consistent with emergent Dirac cones for fraction-
alized spinon excitations. This constitutes new evidence that
the gapless Dirac QSL is the groundstate of the kagome an-
tiferromagnetic Heisenberg model. Moreover, in order to il-
lustrate these entanglement signatures in a simpler setting, we
will begin by studying a strongly interacting quantum phase
transition between a Dirac semimetal and a charge ordered
state. These results not only help with the interpretation of the
data for the debated kagome QSL, they also shed new light on
quantum critical states of matter.
Entanglement scaling of Dirac fermions. We consider a
general quantum system on an infinitely long cylinder, and
we calculate the von Neumann EE S of the groundstate by
partitioning the system into two halves as shown in Fig. 1(a).
S quantifies the amount of quantum entanglement between the
halves, and takes the form [18]: S = αLya − γ + · · · , where
a  Ly is a microscopic scale such as a lattice spacing. The
first term arises for the groundstates of most Hamiltonians,
and is called the “boundary law” because it scales with the
length of the partition, the circumference Ly of the cylinder.
The boundary law term is of little interest in itself because it
is not universal, as it depends on the microscopic scale a. In
contrast, the subleading term γ is a low energy property and
does not depend on a. Additional information can be extracted
by inserting a flux Φ in the cylinder, and studying the response
of γ to Φ. The flux dependence can then be used as fingerprint
to identify the quantum state [20, 26].
For a two-component free (gapless) Dirac fermion on the
cylinder, the EE takes the following form in the continuum
S = α
Ly
a
−B ln ∣∣2 sin (Φ
2
)∣∣, (1)
where B = 1/6 [26, 27]. One way to understand the above
scaling behavior is to realize that the transverse momenta are
quantized on a cylinder, and the flux Φ will move those quan-
tized momenta towards or away from the Dirac point. Intu-
itively, the subleading term quantifies how far the quantized
momenta are from the Dirac point. When Φ → 0, 2pi, one
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2momentum exactly hits the Dirac point leading to a diverging
γ. When Φ = pi, the momenta are farthest away from the
Dirac point so S becomes minimal.
In order to compare the Dirac scaling function (1) with a
generic interacting system on a lattice, we need to modify it
as follows:
S = α
Ly
a
−B
N∑
n=1
ln
∣∣∣∣2 sin [12(sΦ− Φcn)
]∣∣∣∣ . (2)
There are 3 new ingredients. First, we can have N > 1 differ-
ent Dirac fermions. Second, the momenta of the correspond-
ing Dirac points in the Brillouin zone can be different, which
is encoded in the shift Φcn. Φ
c
n is proportional to the flux at
which the nth Dirac fermion’s gap vanishes on the cylinder;
1/s is the proportionality constant. Third, the Dirac fermions
can carry a fractional charge s (e.g. s = ±1/2 in the kagome
QSL), hence they will feel a flux sΦ instead of Φ. The flux re-
sponse of S thus gives a clear way to identify fractionalization,
which is notoriously difficult using conventional approaches.
Quantum criticality. We start our discussion by explaining
the salient entanglement features of a quantum critical transi-
tion between a Dirac semimetal and an interaction-driven in-
sulator with charge order. By virtue of its universality, such a
transition is relevant in contexts such as charge density wave
transitions in graphene [28]. We consider the pi−flux square
lattice model with a short-ranged repulsion V :
H = t
∑
〈ij〉
(
(−1)sijc†i cj + h.c.
)
+ V
∑
〈ij〉
ninj , (3)
where c†i is the creation operator for a spinless fermion on
site i, and ni is the particle number operator. The phase fac-
tor (−1)sij generates a pi flux on each square plaquette as
shown in Fig. 1(b). In the non-interacting limit, V = 0, the
band structure hosts two Dirac cones located at (kx, ky) =
(±pi/2, pi/2), as shown in Fig. 1(c). The repulsive interac-
tion between nearest-neighbors drives a quantum phase transi-
tion from the Dirac semimetal to a charge density wave phase
through the strongly interacting Gross-Neveu-Yukawa quan-
tum critical point [28], where the Dirac quasiparticles are de-
stroyed by quantum fluctuations. Numerical studies studying
local observables were performed [29, 30], but the entangle-
ment properties near the critical point have not been investi-
gated.
Fig. 1 shows the EE S of model (3) on infinite cylinders
threaded by a flux Φ. First, we find that S(Φ) agrees with
the scaling function (2). Specifically, we have two (non-
fractionalized) Dirac fermions: N = 2 and s = 1. For one
type of cylinder (YC8-0, see the caption of Fig. 1), the mo-
menta are quantized such that they hit the Dirac points when
Φ = 0. Therefore, Φc1,2 = 0 in the scaling function (2). For
the other type of cylinder (YC8-2), the quantized momenta hit
the Dirac points when Φ = pi hence we have Φc1,2 = pi.
The scaling behavior is robust in the entire Dirac semimetal
phase V < Vc ≈ 1.3t (Fig. 1(f-i)), despite the decrease of the
prefactor B as the quantum critical point is approached. In
the charge ordered phase V >Vc, the entropy does not follow
the scaling behavior (2) anymore (see [31]). Finally, we em-
phasize that the scaling behavior is robust against changes to
the circumference and cylinder type. As shown in Fig. 1(j),
for various cylinder sizes and types, the scaling parameter
B follows the same decreasing trend as the critical point is
approached. As a consistency check, we observe that B ap-
proaches its non-interacting value B = 1/6 when V → 0. In
order to confirm that the above properties of the EE are uni-
versal, we analyzed another model on the honeycomb lattice
and reached identical conclusions [31].
The deviation of B from the expectation of free theory is
a consequence of the increasing quantum fluctuations as the
critical point is approached. To explain this fact we now in-
voke a field theory description. In order to make this theory
tractable, we extend the number of Dirac fermions to N 1.
In this limit, it was recently shown [27] that the sublead-
ing correction γ vanishes at leading order. This represents
a drastic reduction compared with a weakly interacting Dirac
semimetal, where γ is directly proportional to the number of
Dirac fermions, N . Extrapolating to finite N , we conjecture
that as the quantum critical point of Eq. (3) is approached, B
is suppressed. Our data in Fig. 1 corroborates this conclusion.
Kagome spin liquid. We now tackle our main objec-
tive, the spin-1/2 antiferromagnetic Heisenberg model on the
kagome lattice (Fig. 2):
H = J1
∑
〈ij〉
Si · Sj + J2
∑
〈〈ij〉〉
Si · Sj , (4)
where J1, J2 > 0 are nearest and next-to-nearest neighbor
antiferromagnetic couplings, respectively. Although we fo-
cus on the J2 = 0 case, we shall also consider the effects
of a small J2/J1, which makes the numerical results more
stable. Figure 3 shows the flux dependence of the EE at
J2/J1 = 0, 0.05, 0.1, as well as for two cylinders types, YC8-
0 and YC8-2. We first note that in all cases S strongly depends
on Φ, which is a hallmark of low energy excitations. In con-
trast, a state with a large gap would be essentially insensitive
to Φ. Importantly, the data in Fig. 3 can be accurately fitted
with the scaling function (2). The parameters (N , s, Φcn) are
chosen to match the pi-flux Dirac QSL [5, 7], in which 4 two-
component Dirac spinons (N = 4 accounts for the spin and
valley degrees of freedom) carry fractionalized spin s= 1/2.
The shifts Φcn depend on the cylinder type (Fig. 2), and are
given in Table I.
In Fig. 3, we observe that the scaling function (2) accu-
rately fits the data for all the geometries and couplings con-
sidered. When J2 = 0, the fitting parameter B takes the
value 0.219 on YC8-0 and 0.240 on YC8-2. This is larger
than the free fermion value B = 1/6. This deviation from
the non-interacting value can be understood by the fact that
the low energy description of the Dirac QSL is in terms of
Dirac spinons strongly coupled to an emergent photon [7].
In contrast, in the large-N limit, when the gauge fluctuations
become suppressed, the leading order EE is that of N free
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FIG. 1. Entanglement of quantum critical Dirac fermions. (a) Cylinder with a flux insertion. (b) pi−flux square lattice model. The different
cylinder types, YCn-0, YCn-1, YCn-2, correspond to identifying x with a, b, or c, respectively. (c) The energy dispersion at V = 0 shows
two Dirac cones at (±pi
2
, pi
2
). (d-e) Blue (red) lines shows allowed momenta for Φ = 0 (pi) in the Brillouin zone for an infinite cylinder with
circumference Ly = 8. The green crosses show the positions of the Dirac points. (f)-(i) EE versus flux Φ on a YC8-0 infinite cylinder for
V/t = 0, 0.8, 1.2. (h) EE for the YC8-2 cylinder at V/t=0.8. In (f-i), the lines are the best fits to Eq.(2); insets show the data plotted in terms
of the Φ-dependent part of (2) and the linear fits. (j) Fitting parameter B versus the repulsion strength V/Vc for various cylinder types. The
dashed line is the prediction for non-interacting Dirac fermions.
Dirac fermions [31]. Our data suggests that the value of B
becomes renormalized at finite N but the flux dependence re-
mains largely unchanged.
At J2/J1 = 0.05 and 0.1, we see that the fits are more ac-
curate. B increases slightly to 0.250 for YC8-0. On YC8-2,
B first decreases to 0.166 then to 0.125. This tendency for B
to be smaller on type 2 cylinders was seen above for the inter-
acting Dirac semimetal on the square lattice. Here, the finite
size effects for YC8-2 may be further amplified compared to
a b
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c
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FIG. 2. Kagome cylinders & allowed momenta. (a) The dif-
ferent types of kagome cylinders, YC8-0, YC8-2 or YC8-4, corre-
spond to identifying site x with site a, b, or c, respectively. The blue
(solid) and red (dashed) lines show the allowed momenta for an infi-
nite cylinder of type (b) YC8-0 and (c) YC8-2. The gray rectangle is
the magnetic Brillouin zone due to the pi-fluxes in the hexagons. The
two Dirac points of the QSL are at ±Q = ±(pi/2, pi/2).
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FIG. 3. Entanglement entropy for the kagome Heisenberg model.
DMRG results for the EE versus the flux Φ for the spin-1/2 kagome
antiferromagnetic Heisenberg model on an infinite cylinder with 8
sites in the periodic direction. (a-c) are for the YC8-0 cylinder, and
(d-f) are for the YC8-2 cylinder. The red lines are best fits to Eq. (2).
Insets: The EE plotted as function of the Φ-dependent part of (2) and
the corresponding linear fits.
4YC8-0. One reason may be that the allowed momentum lines
are always closer to the gapless Dirac points on the YC8-2
cylinder. As J2/J1 is increased, a conventional ordered state
becomes favored and the resulting phase transition is expected
to leave an imprint on the entanglement. A more detailed anal-
ysis in this direction will likely lead to new insights into the
properties of the kagome QSL and its phase transitions.
Conclusions. By monitoring the entanglement entropy re-
sponse to a flux threaded in a cylindrical geometry, we were
able to gain new insights about two physical systems: 1) a
quantum critical phase transition of itinerant electrons and 2)
the frustrated kagome Heisenberg model. In the first case,
the entanglement entropy tracks the evolution of the Dirac
fermions as the quantum critical point is approached. For
the kagome model, the flux dependence of the entanglement
entropy unambiguously points to four emergent Dirac cones
of fractionalized excitations (spinons). The robust features
we have identified on various cylinder types and values of
the Heisenberg couplings strongly suggest that the kagome
Heisenberg model is a gapless Dirac QSL. These new insights
will help with the modeling of candidate materials such as her-
bertsmithite. Our two concrete examples give us confidence
that entanglement signatures will become a valuable tool in
the investigation of a broad class of quantum states of matter.
METHODS
The groundstates of models (3) and (4) were determined us-
ing the density-matrix renormalization group (DMRG) [17],
which is a powerful algorithm to determine in an unbiased
fashion the low-lying states of quantum systems. In our simu-
lations, we work on infinitely long cylinders with a finite cir-
cumference [32]. We can reach circumferences of 4 unit cells
on the kagome lattice, which is close to the current computa-
tional limit. In our simulations, matrix product states of bond
dimension 1600 were sufficient to describe the entanglement
entropy of the pi-flux model on the square lattice, whereas for
the kagome model, a bond dimension of 6000 was used, as
the subsystem entanglement is significantly larger. The nu-
merical flux insertion experiment was performed by adiabat-
ically changing (twisting) boundary conditions in the Hamil-
tonian. In the simulations, we impose twisted boundary con-
ditions along the circumference of the cylinder by replacing
TABLE I. Values of the shifts Φcn in Eq. (2) for the kagome model.
On the YC8-0 cylinder, Φcn equals the internal gauge flux φ=pi.
Dirac flavor YC8-0 YC8-2
↑, Q Φc1 pi pi/2
↑,−Q Φc2 pi −pi/2
↓, Q Φc3 pi −pi/2
↓,−Q Φc4 pi pi/2
the terms c†i cj + h.c. (S
+
i S
−
j + h.c.) for all bonds crossing the
y-boundary with c†i cje
iΦ + h.c. (S+i S
−
j e
iΦ + h.c.) [33].
Once the groundstate |Ψ(Φ)〉 is computed, we partition the
cylinder into two halves, A and B, and calculate the von Neu-
mann entanglement entropy S(Φ) = −∑i λi(Φ) lnλi(Φ),
where λi are the eigenvalues of reduced density matrix of the
A half, ρA(Φ) = TrB |Ψ(Φ)〉〈Ψ(Φ)|. The entanglement en-
tropy measures the amount of quantum entanglement between
a region A and its complement. In order to obtain the entan-
glement entropy at different Φ, we used an adiabatic scheme:
the groundstate |Ψ(Φ)〉 is taken as the initial state for the cal-
culation at Φ + ∆Φ.
The fit of S(Φ) is based on the least-squares method. The
data points near the entropy minimum are used in the fitting as
these are the most reliable. For the kagome lattice, the entropy
in the range |Φ| < 0.24pi was used for the fitting process. For
the square lattice, the entropy in the range |Φ−Φmin| < 0.4pi
was used in the fits, where Φmin is flux value where the en-
tropy is minimal. We have verified that all of the fits are sta-
ble and independent of the data range we select, except for the
YC8-2 J2 = 0 case (Fig. 3(a)). For YC8-2 J2 = 0, the scal-
ing parameter B could vary from 0.20 to 0.25, as we change
the data regime from |Φ| < 0.2pi to |Φ| < 0.4pi. This can be
attributed to the stronger finite-size effects at this coupling on
the YC8-2 cylinder.
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Entanglement entropy for free Dirac fermions on the cylinder
The continuum Hamiltonian of Dirac fermions on the infinite cylinder reads
H =
∑
ky
∫
dkx
2pi
Ψ†(~k)
(
m kx − iky
kx + iky −m
)
Ψ(~k) (5)
where Ψ(k) = (ψ1(k), ψ2(k))T is a two-component spinor and m is the fermion mass. Here, y is compact with periodicity Ly .
The transverse momentum ky takes discrete values, ky =
2piny+Φ
Ly
, where Φ is the flux inserted in the cylinder.
For an infinite cylinder bipartitioned into 2 semi-infinite cylinders (Fig. 4), the EE for regionA (the left semi-infinite cylinder)
obeys an area law with a subleading term, S = α (Ly/)− γ. The subleading term, −γ, will be a function of the flux Φ inserted
inside the cylinder [20, 26, 34].
We briefly review the computation of γ by using the 1d decomposition method discussed in Ref. 26. The Hamiltonian in
Eq. (5) can be written as H =
∑
ky
H1d(ky), where H1d(ky) is a (1 + 1)-dimensional massive Dirac fermion. For a semi-
infinite interval, each H1d(ky) with an effective mass
√
m2 + k2y , contributes an EE [35]
S1d(ky) = − 1
12
ln
[
(m2 + k2y)
2
]
(6)
 is the short distance UV cutoff. The total EE is then
S = − 1
12
∑
ky
ln
[
(m2 + k2y)
2
]
(7)
For the massless case m = 0 we are interested in here, by using the Zeta function regularization method, we have
S = α
Ly

− γ (8)
where the subleading term is equal to
γ =
1
6
ln
∣∣2 sin(Φ
2
)∣∣ (9)
When m 6= 0, the infinite sum in Eq. (7) can also be obtained by using the generalized Zeta function regularization method,∑
ky
ln
[
(m2 + k2y)L
2
y
]
=
∑∞
ny=−∞ ln
[
(mLy)
2 + (2piny + Φ)
2
]
= ln [2 cosh(mLy)− 2 cos Φ] (10)
This result will be useful when we discuss the EE for the Gross-Neveu model in the next section.
Entanglement entropy of interacting Dirac fermions at large N
Gross-Neveu quantum critical point
Here we first briefly review the Gross-Neveu model in the large N limit [36]. The Euclidean Lagrangian for the Gross-Neveu
model is
L = −Ψ¯α∂Ψα − g
2
2N
(Ψ¯αΨα)
2 (11)
7where the repeated flavor index α is summed over from 1 to N , and ∂ = Γµ∂µ with the 2-by-2 Gamma matrices Γµ. The quartic
interaction term (Ψ¯αΨα)2 can be decoupled by introducing a Hubbard-Stratonovich field φ and yields the Gross-Neveu-Yukawa
Lagrangian:
L = −Ψ¯α(∂ + φ)Ψα + N
2g2
φ2 (12)
After integrating out the fermions, the partition function Z=
∫
D[Ψ]D[φ]e−S takes the form
Z =
∫
D[φ] exp
[
N Tr ln(∂ + φ)− N
2g2
∫
d3xφ2
]
(13)
In the large N limit, the partition function can be evaluated using the saddle point method,
lnZ = N Tr ln(∂ + φ)− N
2g2
∫
d3xφ2 (14)
Crucially, the saddle point configuration of the φ field is determined by solving the gap equation
〈φ〉
g2
= TrGF(x, x; 〈φ〉) (15)
where GF(x, x; 〈φ〉) is fermionic Green’s function. Thus, the fermions acquire a mass given by the saddle point value 〈φ〉.
At the critical point, this mass vanishes on the infinite plane, but not on the cylinder. The mass will play a crucial role in the
computation of the EE, as we shall see below. In momentum space, the gap equation simplifies to
〈φ〉
g2
= (Tr I)
∫
d3p
(2pi)3
〈φ〉
p2 + 〈φ〉2 (16)
At the quantum critical point 〈φ〉 vanishes, and the (non-universal) critical coupling is given by
1
g2c
= (Tr I)
∫
d3p
(2pi)3
1
p2
(17)
where a momentum cutoff should be used.
In order to compute the EE at the quantum critical point, we follow the calculation described in Ref. 27, which makes use
of the replica trick [35, 37]. The replica trick allows the calculation of the Re´nyi entanglement entropies, Sn = 11−n ln Tr ρ
n
A,
for integer values of the Re´nyi index n. The analytic continuation of Sn to n= 1, when possible, gives the von Neumann EE:
S = Sn→1. The key identity is
Tr ρnA =
Zn
Zn1
(18)
where ρA is the reduced density matrix of region A, and Zn is the partition function defined over a special spacetime: an n-
sheeted Riemann surface. The n sheets are glued together at the boundary of regionA, which in our case is a (flat) circle dividing
the cylinder in equal halves. We can formally evaluate the n-sheeted partition function for the Gross-Neveu-Yukawa model:
lnZn = N Tr ln(∂n + 〈φ〉n)− N
2g2c
∫
d3x 〈φ〉2n (19)
Around n ≈ 1, we can expand the saddle point value of φ, 〈φ(x)〉n, as
〈φ(x)〉n ≈ m1 + (n− 1)f(x) (20)
where m1 is the self-consistent mass satisfying the gap equation on the physical spacetime, TrGF1(x, x;m1) = m1/g
2
c , and
f(x) is an unknown function on the Riemann surface. In the notation used above, m1 = m. Therefore, lnZn can be written as
lnZn = N Tr ln(∂n +m1)− N2g2c
∫
d3xnm
2
1
+ (n− 1)N Tr
(
f
∂1+m1
)
− (n− 1)Ng2c
∫
d3xm1f(x) (21)
8In the above expression, if we use Eq. (15), the last two terms will cancel each other. Therefore, we have
− ln Zn
Zn1
= −N [Tr ln(∂n +m1)− nTr ln(∂1 +m1)] (22)
This is the same result as for a free Dirac fermion with mass m1. The mass m1 can be obtained by solving the gap equation at
the critical point Eq. (17):
1
Ly
∑
ky
∫
d2p
(2pi)2
1
p2 + k2y +m
2
1
= − 1
4piLy
ln [2 cosh(m1Ly)− 2 cos Φ] = 0 (23)
Notice that the above result is obtained by using Zeta function regularization which ignores the UV divergent term. To satisfy
the above equation, the mass becomes
m1 =
1
Ly
arccosh
(
1
2
+ cos Φ
)
(24)
If we plug the above expression into Eq. (10) (for the free Dirac fermion EE), we find that γ = 0 for all values of Φ. Therefore,
the subleading term is absent at leading order in N for the Gross-Neveu model in the large N limit. We expect γ to become
non-zero at next order in N , O(N0).
Quantum Electrodynamics (QED3)
The Dirac QSL on the kagome lattice is described by a theory of Quantum Electrodynamics in 3 spacetime dimensions
(QED3) in which 4 gapless Dirac fermions are strongly coupled to an emergent gauge field, aµ. After extending the number of
Dirac fermions to N , the Euclidean time Lagrangian becomes:
L = −Ψ¯α(∂ + ia)Ψα + 1
4e2
fµνfµν (25)
where a = aµΓµ and fµν = ∂µaν − ∂νaµ is the field strength tensor of the gauge field. The repeated flavor index α is
again summed from 1 to N . Just as for the Gross-Neveu model, this theory is strongly interacting in the long-wavelength limit
but becomes tractable at large N .[38] The leading order large-N solution has the gauge field pinned to its saddle point value.
However, in contrast to 〈φ〉 in the Gross-Neveu-Yukawa theory on the cylinder, the saddle point value of aµ vanishes. If present,
such an expectation value would generate either a finite fermion density or current, which does not happen on the cylinder (or
infinite plane). The n-sheeted partition function is thus simply given by
lnZn = N Tr ln(∂n) +O(N0) (26)
This is the same answer as for N free gapless Dirac fermions. One subtelty is that the internal gauge field can change the
boundary conditions of the fermions in order to lower the system’s energy. This means that γ in Eq. (9) is replaced by
γ =
1
6
∑
α
ln
∣∣2 sin(Φnetα
2
)∣∣ (27)
where the net flux Φnetα felt by fermion α depends on both the external and internal fluxes. This is discussed in more detail in the
main text. At next order in N , the gauge fluctuations will contribute to γ. Such a calculation is beyond the scope of the current
paper, but it would be interesting in light of our DMRG results. For example, one would like to know if the 1/N correction has
the right sign to explain why the observed value exceeds the free Dirac fermion result, B > 1/6.
Quantum critical point of Dirac fermions on the honeycomb lattice
In the main text, we have studied the fermionic quantum critical point of fermions in the pi−flux square lattice model. In
order to confirm that the EE scaling observed is indeed universal, we analyze a different lattice model that is expected to host a
quantum critical point in the Gross-Neveu-Yukawa universality class. The model is similar to the pi-flux Hamiltonian (Eq. 3 of
the main text) but defined instead on the honeycomb lattice. The Hamiltonian contains hopping and repulsion terms:
H = t
∑
〈ij〉
(c†i cj + h.c.) + V
∑
〈ij〉
ninj (28)
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FIG. 5. Entanglement of quantum critical Dirac fermions on the honeycomb lattice. (a) Honeycomb lattice on a cylinder with the
compact direction being along ~a2. (b) Allowed momentum points (dot-dashed lines) in the Brillouin zone for an infinitely long cylinder with
circumference L2 = 4 (in unit of lattice vector ~a2). The red crosses mark the positions of the Dirac points. (c-f) The entanglement entropy
versus the twist parameter Φ on an infinite cylinder with a circumference of 4 unit cells, for various interactions V/t. The red lines are best
fits to the scaling function shown in the main text (Eq. 2).
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FIG. 6. Entanglement in the charge ordered phase. Entanglement entropy dependence on the external flux in the gapped charge density
wave phase, V > Vc ≈ 1.3t, for the square lattice pi−flux model introduced in the main text.
As in the main text, we perform large-scale DMRG simulations on infinite cylinders. The transition from the Dirac semimetal at
small V/t to a charge density wave transition occurs at Vc ' 1.36t.
As shown in Fig. 5(a-b), the allowed momenta of the L2 = 4 (number of unit cells around the circumference) cylinder do not
hit the Dirac points ( ~K and ~K ′) at zero flux, thus the entanglement entropy has a minimum at Φ = 0. While the flux deviates
from zero, entropy gradually increases, and becomes maximal approaching Φc = ± 2pi3 , where the momentum lines hit a Dirac
point. In Fig. 5(c-f), we fit the EE using the same scaling ansatz as in the main text. The entanglement entropy dependence
on the twisted boundary condition perfectly matches the scaling function, for the whole Dirac semimetal phase. At small V/t,
the fitting prefactor B is close to the value for free Dirac fermions, B = 1/6, as expected. As the repulsion is increased, B
decreases. This behavior was also observed in the square lattice model in the main text, and justified using field theory (see
Section and the main text). The agreement between the honeycomb and square lattice DMRG results strongly suggest that our
results probe universal low energy properties.
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Entanglement entropy in the gapped phase
In the main text, we have focused on the non-trivial scaling behavior of the entanglement dependence on the external flux.
The strong dependence of the EE on the external flux constitutes a fingerprint of the gapless Dirac cone structure. In this section,
we analyze the situation where the Dirac fermions acquire a gap. In the pi-flux and honeycomb models, this occurs when the
interaction is strong enough V >Vc (Vc is phase transition point).
In Fig. 6, we show the DMRG data for the EE in the charge density wave phase (V >Vc). We observe that the EE has little
dependence on the flux Φ, in contrast to the gapless Dirac semimetal occuring at V <Vc. This can be understood from the fact
that once the system is sufficiently deep in the gapped phase, its correlation length will be smaller than the circumference, and
most quantities should be hardly influenced by the twisted boundary conditions. Thus, the EE of the insulating phase is expected
to become more insensitive to the flux as the gap increases, which is akin to Thouless’s picture of localization in which the
energy spectral flow of insulators is robust against boundary conditions. Moreover, in the charge density wave phase V >Vc, the
EE does not follow the scaling function any more. These results show that the scaling behavior observed at V <Vc is tied to the
gapless Dirac fermions.
